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The second law of thermodynamics, formulated as an ultimate bound on the maximum extractable work, has
been rigorously derived in multiple scenarios. However, the unavoidable limitations that emerge due to the lack
of control on small systems are often disregarded when deriving such bounds, which is specifically important
in the context of quantum thermodynamics. Here, we study the maximum extractable work with limited control
over the working system and its interaction with the heat bath. We derive a general second law when the set of
accessible Hamiltonians of the working-system is arbitrarily restricted. We then apply our bound to particular
scenarios that are important in realistic implementations: limitations on the maximum energy gap and local
control over many-body systems. We hence demonstrate in what precise way the lack of control affects the
second law. In particular, contrary to the unrestricted case, we show that the optimal work extraction is not
achieved by simple thermal contacts. Our results do not only generalize the second law to scenarios of practical
relevance, but also take first steps in the direction of local thermodynamics.
I. INTRODUCTION
Recently, there has been much progress in our understand-
ing of thermodynamics in the quantum domain. Particular
emphasis has been put on deriving fundamental bounds on
how much work can precisely be extracted in a thermodynam-
ical process under meaningful assumptions. These bounds are
indeed understood as the second law of thermodynamics in
Thomson’s formulation. Progress has been made specifically
in deriving bounds that apply to the most general scenarios,
including non-equilibrium states [1–7], account for work fluc-
tuations [8–10], and more general classes of interactions be-
tween the working system and the heat bath [11–17].
Clearly, in any real experiment, one will face various spe-
cific limitations on the allowed operations, rendering it in gen-
eral impossible to saturate the second law. In most cases these
are limitations that pertain to the particular technological im-
plementation of the thermal machine and do not encode any
fundamental limitation in the same way the second law does.
Nonetheless, specially when dealing with systems at the scale
where quantum effects become relevant, it seems imperative
to consider general classes of limitations on the control of the
systems used in the protocol of work extraction. These limi-
tations are not specific to the substrate or the technology em-
ployed, but are of fundamental nature as they will naturally
emerge in any conceivable implementation. Thus, the tighter
bounds derived on the extractable work when accounting for
such limitations should indeed be understood as quantum ver-
sions of the second law, in the sense that they encode the ulti-
mate bounds conceivable when making use of small systems.
In this work we introduce a general framework allowing
to study bounds on work extraction when limitations are im-
posed on the control of the systems involved. These limita-
tions are of two classes, namely
i) Restrictions on the accessible set of Hamiltonians of the
working system and
ii) restrictions on the allowed interactions of the working
sytems with the heat bath available.
Regarding the class i), we will first introduce a general
framework which considers an arbitrary family H of allowed
FIG. 1. An example exhibiting an energy-constraint. p is the ex-
citation probability of a classical bit and ∆ is the energy in the ex-
cited state. The dark orange region is forbidden. Upper figure: Ex-
ample of a general protocol using WTC. The total work extracted
work (solid blue region) is negative. Lower figure: The black ar-
row denotes an initial thermalizing map in MTO. Then, the transi-
tion (p∗,∆max) → (p∗,∆1) takes place, followed by an isothermal
transition back to ∆max. The total work extracted (red solid area) is
positive.
Hamiltonians. Then we will turn to studying two fundamental
limitations that emerge ubiquitously:
i.a) Bounds on the maximum energy gap of the Hamiltoni-
ans inH and
i.b) having only access to change the local Hamiltonians of
many-body systems.
These limitations are introduced in a completely generic fash-
ion, without making reference to any particular model. Thus,
they encode fundamental limitations known to be present in
any implementation.
Regarding the limitations of the class ii), we will consider
different scenarios that model the degree of control that the ex-
perimenter has over the bath’s degrees of freedom. The sim-
plest model, corresponding to the absence of any fine-tuned
control, is thermal contact (TC) which merely thermalises the
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2system at the bath’s temperature. At the opposite end of the
hierarchy of meaningful models of system-bath contacts are
the so-called thermal operations (TO), where full control is as-
sumed on all the degrees of freedom of the heat bath [12, 16].
Our main result is to derive a general second law for the
case of most physical relevance, where constraints i) and ii)
come into play. We identify a bound to the maximum ex-
tractable work when the Hamiltonians are restricted to a class
H and the interaction with the bath is modeled by TC. Our
result applies to initial and final states out of equilibrium and
non-cyclic processes. This bound is then used to study how
the different limitations interplay with each other when they
are relaxed. In particular, it is has previously been shown that
the limitations of the class ii) alone do not tighten the bounds
on work extraction [10]. This observation – which encodes
the surprising fact that having complete control over the heat
bath offers no advantage – has diminished the interest on com-
paring different models for the degree of control over the bath,
since it is seemed irrelevant to the problem of work extraction.
However, we show that the situation is radically different in
the presence of limitations: control over the bath’s degree of
freedom is advantageous for work extraction if other restric-
tions are simultaneously imposed, namely, i.a) and i.b) [18].
II. SET-UP
We consider a finite-dimensional quantum system, initially
described by a pair
(
ρ0, H0
)
of an initial quantum state ρ0 and
an initial Hamiltonian H0. This system can undergo an arbi-
trary protocol consisting of two types of operations. The first
kind of operation is a unitary time-evolution for some time
T := t2 − t1, corresponding to a transformation(
ρt1 , Ht1
) 7→ (UT ρt1U†T , Ht2) =: (ρt2 , Ht2), (1)
UT reflecting the unitary time-evolution under a time-
dependent Hamiltonian t 7→ Ht from t1 to t2. We will now
introduce a first class of restrictions on the control: We model
the lack of control over the system by restricting the time-
dependent Hamiltonian Ht to a set H(H0) which in general
depends on the initial Hamiltonian, i.e., Ht ∈ H(H0) for all
times [20]. We will assume that every such operation costs
an amount of average work given by the difference of the sys-
tem’s average energy 〈W 〉 = tr(ρt1Ht1)− tr(ρt2Ht2) [21].
The second kind of allowed operations models the coupling
of the system to heat baths at some fixed inverse temperature
β > 0. Given that the work cost at subsequent operations of
the kind (1) does not depend on the state of the bath, but on the
state of the system, it suffices to describe the thermal contact
as an effective quantum map on the system: We allow that, at
any time t, a quantum channel Gt can be applied, resulting in
a transformation of the form(
ρt, Ht
) 7→ (Gt(ρt), Ht) . (2)
In general we will refer to such quantum channels as thermal-
izing maps. Gt models the effective time-evolution of the sys-
tem when it is put in contact with a bath at time t and does not
cost any work. The specific form of Gt will depend not only
onHt, but also on the heat bath that is considered and the way
one makes it interact with the system. This is mathematically
expressed by restricting the map to be in a particular set, i.e.
Gt ∈ M
(
Ht
)
. The choice of M encodes in which way we
model the bath and the degree of control over it to implement
a given interaction with the system. The minimal assumption
on the set of maps M, is that any Gt ∈ M
(
Ht
)
leaves the
thermal state of the system invariant,
Gt (ωHt) = ωHt , (3)
where
ωHt = exp(−βHt)/Z (4)
denotes the Gibbs state of the system at inverse temperature
β > 0. We will also express this by saying that the thermal-
izing maps are Gibbs-preserving [16]. Condition (3) is neces-
sary since if it would be violated, one could create states out
of equilibrium from thermal states, which would make work
extraction trivial in the sense that it can be performed without
expenditure of resources. Nonetheless, even if condition (3)
is satisfied, implementing an arbitrary Gibbs-preserving map
requires in general high degree of control over the degrees of
freedom of the thermal bath, which may be in most situations
of interest unrealistic. The second kind of restrictions that we
consider will be concerned with physically meaningful limita-
tions on such control, which will determine in turn a restricted
set of mapsM.
We now define a protocol of work extraction P as an arbi-
trary finite sequence of operations as in Eqs. (1) and (2), from
an initial condition p0 := (ρ0, H0) to a final pf := (ρtf , Htf ).
The total amount of work extracted will be the sum of the
work extracted in each operation and it will depend on both
the initial and final condition and the protocol P . This pro-
tocol will involve allowed operations that respect the poten-
tial physical constraints on H and makes use of thermalizing
maps M; we denote the set of all protocols fulfilling such
constraints by PH,M. These limitations have an impact on
the optimal work that can be extracted
〈W 〉H,Mopt (p0, pf ) := sup
P∈PH,M
〈W 〉(P, p0, pf). (5)
Usually, it is of particular relevance to bound the maximum
work that can be extracted from a given initial condition p0
in a cyclic protocol where Htf = H0 because of its relation
with the formulation of the second law; in such case we will
simply use the notation
〈W 〉H,Mopt (p0) := sup
pf=(ρf ,H0)
〈W 〉H,Mopt (p0, pf ). (6)
III. THERMALISING MAPS AND SECOND LAW
We now turn to discussing the considered models for the
set of thermalizing mapsM, which are physically meaningful
and standard in the quantum thermodynamics literature. The
3first such operation models simple thermal contact (TC) with
the bath. Formally, it is captured as
MTC
(
Ht
)
= {Gt : Gt(ρ) = ωHt}, (7)
with the Gibbs state ωHt = exp(−βHt)/ZHt , where ZHt =
tr
(
exp(−βHt)
)
. This set of maps merely contains one sin-
gle element that maps every state to the Gibbs state at the
bath’s temperature. This is the map implemented by a suffi-
ciently long time evolution under a sufficiently weak arbitrary
system-bath interaction [24]. As such, it requires no control
over the degrees of freedom of the heat bath.
The second class of operations that we consider is consti-
tuted by thermal operations (TO). They depend on the Hamil-
tonian HB of the particular bath at hand and are defined as
MTO
(
Ht
)
= {Gt : Gt(ρ) = trB(U(ωHB ⊗ ρ)U†)} (8)
for any unitary U so that [U,HB +Ht] = 0 [12, 13]. Thermal
operations have originally been introduced in the framework
of single-shot thermodynamics, albeit for the same reason that
we use them here: they model precisely the case of arbitrary
control over system and heat bath when energy and entropy
are conserved exactly. For convenience we will collect all
thermalizing maps fulfilling the Gibbs-preserving condition
w.r.t. Ht in the set MGP
(
Ht
)
. Then we have the strict in-
clusions [25] MTC
(
Ht
) ⊂ MTO(Ht) ⊂ MGP (Ht). We
are now in position to state the second law in terms of work-
extraction as
〈W 〉GPopt(p0, pf ) ≤ F (ρ0, H0)− F (ρf , Hf ), (9)
with p0 = (ρ0, H0) and pf = (ρf , Hf ). This bound has been
shown before [26], but for convenience of the reader we give
a proof in Section VII A.
In the remainder of this work we will study how restric-
tions on the sets H(H0) andM(Ht) interplay and influence
the maximum value for work extraction 〈W 〉H,Mopt in Eq. (5).
In particular, we will now derive the form of the second law
when both restrictions onM andH come into play.
IV. GENERAL SECOND LAW UNDER CONTROL
RESTRICTIONS
We will now consider the scenario where control is re-
stricted i) to an arbitrary family of Hamiltonians H on the
system and ii) no control over the degrees of freedom of
the heat bath. We derive the most general form of a the
second law in the sense that it allows for initial and fi-
nal states out of equilibrium and non-cyclic processes. Let
us define U [H0] to be the unitary group generated by ar-
bitrary time-evolutions under time-dependent Hamiltonians
Ht ∈ H(H0). The non-equilibrium free energy of (ρ,H)
is given by F (ρ,H) = tr(ρH) − S(ρ)/β. We define the
(von Neumann) free energy difference to the Gibbs state by
∆F (ρ,H) = F (ρ,H)− F (ωH , H). The function ∆F quan-
tifies how far out of equilibrium (ρ,H) is.
Theorem 1 (Second law under control restrictions). The max-
imum work that can be extracted in a protocol P from the
pair p0 = (ρ0, H0) to pf = (ρf , Hf ) by combining time-
dependent Hamiltonians from H(H0) and thermalizing maps
of the form Gt ∈MTC
(
Ht
)
is bounded by
〈W 〉H,TCopt (p0, pf ) ≤ F (ρ0, H0) − F (ρf , Hf )
− inf
Ht∈H(H0), σ∈U [H0](ρ0)
∆F (σ,Ht), (10)
where U [H0](ρ0) is the unitary orbit of ρ0 with respect to
U [H0]. The bound can be saturated arbitrarily well.
Proof. The initial step of the protocol must be given by unitary
dynamics, since otherwise no work can be extracted: If we
first thermalise, we effectively start from the Gibbs state and
no work can be extracted from a Gibbs state at the same tem-
perature as the heat bath. We will therefore assume that the
protocol starts with unitary dynamics. We will write (ρj , Hj)
for the quantum state and Hamiltonian prior to the j-th ther-
malisation. We hence have that ρ1 = U1ρ0U−11 and
ρj+1 = Uj+1ωHjU
−1
j+1 =: ω
U
Hj (11)
where Uj+1 is the unitary that implements the time-dependent
Hamiltonian dynamics starting after the j-th thermalisation
and ending right before the j + 1-th thermalisation. We as-
sume that our protocol consists of N thermalisations and that,
without loss of generality, the last step in the protocol is uni-
tary dynamics. The total work is then given by
〈W 〉TC = tr (ρ0H0)− tr (ρ1H1)
+
N−1∑
j=1
(
tr
(
ωHjHj)− tr
(
ωUHjHj+1)
)
+ tr
(
ωHNHN
)− tr (ρfHf), (12)
with ρf being defined as ρf = UN+1ωHNU
−1
N+1. We will now
reformulate this expression in terms of the free energy. Given
any two Hamiltonians H and H ′ we have
tr(ωHH)− tr(ωUHH ′) = F (ωH , H)− F (ωUH , H ′)
≤ F (ωH , H)− F (ωH′ , H ′).(13)
The first equality follows from applying the definition
F (ρ,H) = tr(ρH)− S(ρ)/β (14)
and using that ωH and ωUH have the same entropy. The in-
equality then follows from the fact that F (ωH , H) ≤ F (ρ,H)
for every (ρ,H). Now let us apply this inequality to (12), to
obtain
〈W 〉TC ≤ F (ρ0, H0)− F (ρ1, H1)
+
N∑
j=1
(
F (ωHj , Hj)− F (ωHj+1 , Hj+1)
)
+ F
(
ωHN , HN
)− F (ρf , Hf),
= F (ρ0, H0)− F (ρf , Hf )
− (F (ρ1, H1)− F (ωH1 , H1)) , (15)
4where Eq. (15) follows again from the definition of F and
S(ρ0) = S(ρ1). Since
F (ωH , H) ≤ F (ρ,H), (16)
we can minimise ρ1 over all possible states in U [H0](ρ0) and
H1 over all Hamiltonians inH(H0) to get the desired bound.
To show that the bound is achievable let us recall [10, 11]
that a slow change of Hamiltonians from H1 to HN – slow
in the sense that the system is always in the thermal state
for the given Hamiltonian at that time – has a work cost of
F (ωH1 , H1) − F (ωHN , HN ). Such a protocol is achievable
to arbitrary accuracy.
The bound given by (10) can be nicely interpreted by first
noting that if H(H0) is unrestricted, the infimum-term in the
bound is zero as any state can be approximated to arbitrary
accuracy by a Gibbs state. Hence, we obtain the usual second
law given by a difference of the non-equilibrium free ener-
gies [1–3, 6, 10, 11]. Thus, the infimum-term in (10) should
be interpreted as a penalty that emerges as a consequence of
the limitations on control. Lastly, in order to let the penalty
term vanish, it suffices to take H unrestricted (whileM is re-
stricted); this fact may be lead one to the conclusion that the
limitations on the bath control given byM are indeed irrele-
vant for work extraction. We will now show that this is general
not the case.
V. RESTRICTIONS ON BATH CONTROL ONLY
The previous findings have a remarkable consequence that
has, to the best of our our knowledge, not been noted before: If
no other restrictions are put onto the valid operations, having
control over the degrees of freedom of the heat bath is use-
less when it comes to work extraction. This is an astonishing
fact, given that this holds regardless of the size, Hamiltonian,
model or substrate that we use to describe the heat bath. Thus,
controlling its degrees of freedom may be an enormous tech-
nological challenge that increases the valid set of operations,
while not being useful at all for the main task in thermody-
namics, i.e., work extraction:
Observation 2 (Universality of WTC in unrestricted setting).
If H(H0) is the set of all Hamiltonians, protocols employ-
ing thermalizing maps of the form Gt ∈ MTC
(
Ht
)
or Gt ∈
MGP
(
Ht
)
, both achieve the same maximum work. That is,
〈W 〉TCopt(p0, pf ) = 〈W 〉GPopt(p0, pf ).
This follows straightforwardly from the results in Ref.
[10] which state that the maximum work by using Gibbs-
preserving maps is given by 〈W 〉GPopt(ρ0, H0) = ∆F (ρ0, H0);
together with the usual second law for non equilibrium
states in the presence of thermal contact 〈W 〉TCopt(ρ0, H0) =
∆F (ρ0, H0), as it follows also from (10). Observation 2
should not be confused with the maximum-work principle
[27]. We will now discuss particular examples and show that
indeed the universality of TC for work extraction is only valid
when no other restrictions are imposed, inequivalent with Ref.
[28], where the maximum-work principle is shown to not ap-
ply in certain situations.
VI. BREAKDOWN OF TC-UNIVERSALITY
We will now provide a general argument allowing to un-
derstand why thermal contact ceases to be universal within
scenarios where restrictions onH are imposed. To understand
it, it is necessary to recapitulate what the optimal cyclic proto-
col in the TC-setting without constraints on the Hamiltonians
does. We denote such an optimal protocol by P∗TC(ρ0, H0).
It consists of two parts. The first is to apply a transformation
(ρ0, H0) 7→ (ρ0, H1), with H1 such that ρ0 = ωH1 (to ar-
bitrary accuracy). Since the initial state ρ0 is already in the
Gibbs form for Hamiltonian H1, putting it in WTC with the
bath after this first step does not produce any heat dissipation.
The second part is a sequence of transformations of the kind
(1), followed each by TC with the bath, so that the Hamilto-
nian goes back from H1 to H0. In the limit of infinite number
of steps, the second part is a quasi-static transformation along
an iso-thermal. It is easy to verify that P∗TC(ρ0, H0) extracts
∆F (ρ0, H0) as work [10].
In the case where H does constrain the set of allowed
Hamiltonians, the first step of the optimal protocol is in gen-
eral not possible. For a given (ρ0, H0) there might be no
Hamiltonian H1 in H(H0) such that ρ0 = ωH1 . An exam-
ple is the scenario in which the Hamiltonians in H(H0) are
all diagonal in the same basis but ρ0 has a lot of coherences
in this basis. This effect gives rise to the penalty term in Eq.
(10), which can, in the most drastic cases, diminish the maxi-
mal amount of extracted work to zero.
Now consider the setting where the bath is modelled by
more general thermalizing maps, sayMTO(Ht), and assume
there is indeed no Hamiltonian H1 ∈ H(H0) such that ρ0 =
ωH1 . Then the free energy bound cannot be saturated by a
protocol using weak thermal contact. In this setting, how-
ever, we may be able to use a thermal map from MTO(H0)
to map ρ0 to some state ρ1 for which now there does exist
a corresponding Hamiltonian H1 with ρ1 = ωH1 . If this is
the case, we can, after having applied the map and by us-
ing the optimal protocol, extract an amount of work given
by ∆F (ωH1 , H0). As long as the heat lost during this pro-
cess, given by F (ρ0, H0) − F (ρ1, H0), is smaller than the
penalty term in Eq. (10) we will be able to extract more work
using thermal maps fromMTO(Ht) than by just using thermal
contact. In the following, we use the reasoning from above
to show that there are natural scenarios and initial conditions
where no work can be extracted using TC but work can be ex-
tracted using thermal operations. We will now illustrate this
phenomena in two particularly relevant examples of physical
restrictions.
A. Example I: Bounds on the operator norm
We first consider the scenario involving a bound on the
operator-norm of the Hamiltonian. To be concrete, we con-
sider a two-level system and Hamiltonian restrictions so that
H‖H‖(H0) := {H |∆min ≤ ‖H‖∞ ≤ ∆max, E = 0}, (17)
5where E denotes the ground-state energy. We will now show
that there exist initial configurations (ρ0, H0) from which no
positive work can be extracted using TC. Consider
ρ0 = p0|1〉〈1|+ (1− p0)|0〉〈0| (18)
with p0 ≤ exp(−β∆max)/Z(∆max) and H0 = ∆max|1〉〈1|.
In Section VII B we show that the optimal work 〈W 〉TCopt can al-
ways be achieved by a protocol such that the state and Hamil-
tonian before the first TC with the bath, denoted by (ρ1, H1),
are diagonal in the same basis and ρ1 = ρ0. Hence, it suffices
to show that no work can be extracted if
H(H0) = {∆1|1〉〈1| : ∆min ≤ ∆1 ≤ ∆max} (19)
. In this case, the problem is fully classical and system and
Hamiltonian are described, before the first TC, by (p0,∆1).
The optimal protocol can be divided into two parts as de-
picted in Fig. 1 a) . First, a unitary evolution of the kind of
Eq. (1), which takes (p0,∆0) 7→ (p1,∆1) = (p0,∆1). Let
us denote the work in this step by 〈W 〉1 := p0(∆max −∆0).
The second part of the protocol contains all the operations ap-
plied after the first TC with the bath. The work extracted in
the second part is denoted by 〈W 〉2. It is bounded by the free
energy difference 〈W 〉2 ≤ F (ωH1 , H1) − F (ωH0 , H0). One
can easily show that the total work fulfils:
〈W 〉‖H‖,TCopt (ρ0, H0) = 〈W 〉1 + 〈W 〉2 ≤ 0. (20)
Next we show that if the same restrictions are imposed on
the allowed Hamiltonians, but the thermalizing maps are given
byMTO (or the more generalMGP) then there are situations
in which one can extract a positive amount of work, as il-
lustrated in Fig. 1 b). The key idea is that there exist maps
Gt=0 ∈ MTO that map the initial state to another state ρ∗
given by
ρ∗ = p∗|1〉〈1|+ (1− p∗)|0〉〈0|, (21)
with p∗ ≥ exp(−β∆max)/Z(∆max). This is shown in Section
VI A 1 for continuity of the proof. Such a state ρ∗ has less free
energy than ρ0, but a finite difference ∆F (ρ∗, H0) > 0 of free
energy to the Gibbs state. Once the system is in the state ρ∗
one can simply apply the optimal protocol P∗TC(ρ∗, H0). This
is possible, since now there exists a HamiltonianH1 ∈ H(H0)
such that ρ∗ = ωH1 . Denoting the whole protocol by P ′ (that
is, the composition of Gt=0 followed by P∗TC(ρ∗, H0)), one
can extract an amount of work
〈W 〉(P ′, ρ0, H0) = ∆F (ρ∗, H0) > 0. (22)
Clearly, P ′ is a protocol respecting the constraints of H‖H‖
andMTO, thus recalling Eq. (4) one finds that
〈W 〉‖H‖,TOopt (ρ0, H0) > 〈W 〉‖H‖,TCopt (ρ0, H0) = 0. (23)
We conclude that if the set of allowed Hamiltonians is re-
stricted by a norm upper bound, TO can extract a positive
amount of work in some situations where TC cannot. Hence,
thermal contact is not universal in this restricted scenario.
1. Anomalous heat transfer
Here we show that it is possible to perform a transition as
indicated in Eq. (21). Apart from its use in the previous sec-
tion, we believe this result is interesting in its own right. Let
us note that the existence of the GP-map, which maps the ini-
tial state to ρ∗, has a profound implication: It implies that a
heat-bath at temperature T can heat a colder system at a tem-
perature T0 < T to a temperature T1 larger than T while
the total energy is conserved and the second law of thermo-
dynamics, expressed in terms of free energies, is not violated.
Moreover, it turns out that T1 can be made larger by reduc-
ing T0: The colder the system is initially, the hotter it is after
the GP-map. Motivated by this observation, we call this effect
anomalous heat transfer.
So let us show that there exist indeed maps inMTO, which
display anomalous heat transfer. That is, map a state of a clas-
sical bit with excitation probability less than the thermal one
to one with a higher excitation probability than the thermal
one. First note, that for pairs (ρ,H) which are diagonal in
the same basis, the image of the set of GP-maps and TO co-
incide [17, 25]. Hence, it suffices to show the existence of a
GP-map that performs the task above. For a classical bit, with
Hamiltonian ∆|1〉〈1|, the Gibbs-distribution is given by
ω∆ =
1
1 + exp(−β∆) (exp(−β∆), 1)
=
(
1
1 + exp(β∆)
,
1
1 + exp(−β∆)
)
. (24)
A GP-map is simply given by a stochastic matrix which has
ω∆ as fixed point. All such matrices can be written as
Gr∆ =
(
r (1− r) exp(−β∆)
1− r 1− (1− r) exp(−β∆)
)
, (25)
with r ∈ [0, 1]. If p = (pe, 1 − pe) is an input distribution,
than the output of the GP-map has excitation probability
(Gr∆p)1 = exp(−β∆)(1− r)(1− pe) + rpe. (26)
In particular for r = 0 we obtain an excitation proba-
bility exp(−β∆)(1 − pe) which can easily be larger than
1 / (1 + exp(β∆)).
B. Example II: Local restrictions on a many-body system
The second scenario that we consider encodes the incapa-
bility to change interactions in multi-partite systems. We con-
sider the scenario where multi-partite (interacting) Hamiltoni-
ans can only be manipulated locally,
Hloc(H0) :=
{
H0 +X | X =
∑
i
Hi
}
, (27)
withHi supported on subsystem labeled i. We will now prove
the existence of a gap between the optimal work extraction
within protocols using thermal contact and protocols thermal
operations. As a step towards this we first show the following
result, which is interesting in its own right.
6Theorem 3 (Passive states for weak thermal contact). There
exist multipartite systems with initial conditions p0 =
(ρ0, H0) such that ∆F (ρ0, H0) > 0, from which no work
can be extracted in a cyclic process by thermal contact and
H(H0) = Hloc(H0). More precisely, 〈W 〉Hloc,TCopt (p0) ≤ 0.
The proof of the theorem relies on the Peierls-Bogoliubov
inequality [29], which we formulate in a way suitable for us
in the subsequent Lemma and also prove for the convenience
of the reader.
Lemma 4 (Upper bound to free energies). For any two Hamil-
tonians A,B, F (ωA+B , A+B) ≤ F (ωA, A) + tr(ωAB).
Proof. Let
ZA = tr(exp(−βA)) (28)
and consider D (ωA ||ωA+B), which is always positive. For
any two Hamiltonians A,B we have
tr(ωA logωB) = −β tr(ωAB)− logZB . (29)
Therefore, we get for the relative entropy
D (ωA ||ωA+B) = −β tr(ωAA)− logZA
+ β tr(ωA(A+B)) + logZA+B ≥ 0.
(30)
Cancelling the terms β tr(ωAA) and recognising that
F (ωA, A) = −β−1 logZA finishes the proof.
Proof. (Of Theorem 3) Without loss of generality we will as-
sume that all Hamiltonians are traceless. Now imagine that
there exists an H0 such that F (ωH0 , H0) ≥ F (ωHt , Ht) for
all Ht ∈ Hloc(H0). Since the maximally mixed state Ω is
invariant under arbitrary unitaries, Thm. 1 implies that no
work can be extracted from (Ω, H0). We now prove that for
Hloc(H0) such special Hamiltonians indeed exist. For any
Ht ∈ Hloc(H0) take A = H0 and B = Ht − H0 =: X ,
remembering that
X =
∑
i
Hi (31)
is a sum of local and trace-less terms. Let us take as H0 the
operator
V = ⊗ni=1Vi (32)
on an n-partite system, where the Vi are trace-less and satisfy
V 2i = 1. It follows that tr(V Hi) = 0 for every local operator
Hi. The Gibbs state corresponding to V is of the form
ωV = C(1 + tanh(β)V ) (33)
with some constant C ∈ R. Therefore, tr(ωVX) = 0 and
using Lemma 4, we get F (ωV , V ) ≥ F (ωHt , Ht) for all
Ht ∈ Hloc(H0), which proves the theorem.
This proof applies to all multipartite systems with even-
dimensional local Hilbert-spaces.
We will use the existence of such passive states identified
in Thm. 3 to show that TC is not universal in the scenario of
restricted HamiltoniansHloc(H0).
Theorem 5 (Non-universality of TC in the local setting).
There exist (ρ0, H0) such that for Hamiltonians restricted to
Hloc(H0), TC is not universal for work extraction.
That is, protocols with thermalizing maps described by
MTO (and hence the more generalMGP) can extract a strictly
larger amount of work than protocols using thermal contact.
We have shown in Thm. 3 that there exist initial configura-
tions from which no work can be extracted in the local sce-
nario using weak thermal contact. What is left to do is to
discuss an example where work can be extracted from such
an initial configuration using thermal operations. Consider
a two-qubit system with initial Hamiltonian V = σz ⊗ σz ,
where σz is the Pauli-Z-matrix, and a maximally mixed ini-
tial state. This pair is a passive state for TC, as can be seen
from the proof of Thm. 3. One can now prove, using the
“thermo-majorisation” condition [12, 16, 30], that for β = 1
and t ≤ tc := tanh−1(e2 − 1/(2e2)) ' 0.46 it is possible to
find a Gibbs-preserving map that maps Ω to ωσz⊗σz+t1⊗σz .
The proof is, however, purely technical and provides no fur-
ther insight. We therefore discuss it in Section VII C. Since
the initial and final states are classical, it follows that there
also is a thermal operation yielding the same transition [12].
But since σz ⊗ σz + t1⊗ σz ∈ Hloc(σz ⊗ σz) is an allowed
Hamiltonian, we can now use the optimal protocol. This al-
lows us to extract an amount of work
〈W 〉Hloc,GP(Ω, σz ⊗ σz) = t tanh(t)− log(cosh(t)) > 0,
(34)
proving a gap between the extractable work using thermal op-
erations and thermal contact.
VII. TECHNICAL RESULTS AND PROOFS
A. General second law without control restrictions
In this section we demonstrate that an arbitrary protocol that
combines evolution under time-dependent Hamiltonians and
Gibbs-preserving maps, that is, thermalizing maps in MGP,
can extract at most ∆F (ρ,H) of work from the initial con-
figuration. This has been shown before in Ref. [26], but we
provide a proof here for convenience of the reader. Assume
that the protocol consists of N + 1 contacts to heat baths, let
(ρj , Hj) be the state and Hamiltonian right before we apply
the j-th thermalizing map and (ρ0, H0) the initial state and
Hamiltonian, respectively. Right after applying a thermalizing
map we have the quantum state σj = Gj(ρj). We can always
assume that the first step in the protocol is a Gibbs-preserving
map, since the identity-map is also a Gibbs-preserving map.
We have that ρj+1 = Uj+1σjU−1j+1 where Uj+1 is the uni-
tary that implements the time-dependent Hamiltonian dynam-
ics starting after the j-th thermalizing map and ending right
7before the j + 1-th thermal map. The work is given by
〈W 〉GP =
N∑
j=0
(tr (σjHj − ρj+1Hj+1)) (35)
=
N∑
j=0
(F (σj , Hj)− F (ρj+1, Hj+1)) ,
where we have used that ρj+1 has the same entropy as σj . Let
us re-order the sum to get
〈W 〉GP = F (σ0, H0)− F (ρN+1, HN+1) +
N∑
j=1
F (σj , Hj)−
N−1∑
j=0
F (ρj+1, Hj+1)
= F (σ0, H0)− F (ρN+1, HN+1)−
N−1∑
j=0
(F (ρj+1, Hj+1)− F (σj+1, Hj+1)) . (36)
We can now use that σj+1 = Gj+1(ρj+1) with Gj+1 Gibbs-
preserving relative to Hj+1: Let D (ρ ||σ) = tr(ρ log ρ) −
tr(ρ log σ) be the relative entropy. From the data-processing
inequality, we get
0 ≤ D (ρj+1 ||ωHj+1)−D (σj+1 ||ωHj+1) . (37)
Since the relative entropy fulfils
∆F (ρ,H) = D (ρ ||ωH) /β, we therefore obtain
F (ρj+1, Hj+1) − F (σj+1, Hj+1)
= ∆F (ρj+1, Hj+1)−∆F (σj+1, Hj+1)
≥ 0. (38)
Inserting this into (36), finally yields
〈W 〉GPopt ≤ F (ρ,H)− F (ρN+1, H) ≤ ∆F (ρ,H). (39)
With similar reasoning one obtains for a non-cyclic process
from p0 = (ρ0, H0) to pf = (ρf , Hf ) the work-bound
〈W 〉GPopt(p0, pf ) ≤ F (ρ0, H0)− F (ρf , Hf ). (40)
B. Classicality of the setting and passive states
We will first show that in the case of work-extraction us-
ing TC, the problem is largely classical, in the sense that the
work bound of Thm. 1 can be achieved with protocols where
(ρt, Ht) are diagonal in the same basis at all times. In this
way, we contribute to the discussion on the role of coherences
in quantum thermodynamics.
To see this, first note that the setH(H0) is compact and the
infimum in the bound of Thm. 1 is indeed achieved. Further-
more, the set H(H0) is closed under conjugation by unitaries
and the free energy fulfills
∆F (UρU†, H) = ∆F (ρ, U†HU) (41)
for any unitary U . The penalty-term in Thm. 1 therefore sim-
plifies to
inf
Ht∈H(H0)
σ∈U [H0](ρ0)
∆F (σ,Ht) = min
Ht∈H(H0)
∆F (ρ0, Ht). (42)
In terms of the actual work-extraction protocol this means that
we can choose as first step in the protocol a unitary dynam-
ics that results in a mapping (ρ0, H0) 7→ (ρ0, H∗). Here,
H∗ is the Hamiltonian for which the minimum in Eq. (42)
is achieved. As explained in Section VII A, in the optimal
protocol, this first step is followed by TC and after the TC
an isothermal change of Hamiltonians from H∗ to H0 is
performed. This proccess has a work cost which is inde-
pendent of the path of Hamiltonians, and given simply by
F (ω(H∗), H∗) − F (ω(H0), H0). Thus, within that process
we can always choose Hamiltonians which are diagonal in the
basis ofH∗. We will next show that the minimum in Eq. (42)
is always achieved for a Hamiltonian H∗ that is diagonal in
the same basis as ρ0.
Lemma 6 (Passive states). Let ρ be a quantum state and H
be a compact set of Hamiltonians that is closed under conju-
gation by arbitrary unitaries. Then there exists an H∗ ∈ H
which is diagonal in the same basis as ρ and satisfies
∆F (ρ,H∗) = min
H′∈H
∆F (ρ,H ′). (43)
Furthermore, ρ is a passive state for H∗.
Proof: We show this by contradiction: Suppose is the min-
imum is only attained for some H that is not diagonal in
the same basis as ρ. We will show that we can lower the
energy-expectation value by rotating H into the eigenbasis of
ρ, which reduces the free energy difference. Let λ↓ be the or-
dered spectrum of H in non-increasing order, p↑ the spectrum
of ρ in non-decreasing order and let d↓ be the diagonal of H
in the eigenbasis of ρ in non-increasing order (compared to
p↑). Then E = tr(ρH) =
∑
i p
↑
i d
↓
i . It is easy to check that
the vector d↓ is majorised by λ↓. Let us write partial sums as
Si(λ↓) =
i∑
k=1
λ↓k (44)
with S0(λ↓) = 0. Then Si(λ↓) ≥ Si(d↓) for all i. Now we
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FIG. 2. The curves g (in blue, see eq. (56)) and f (in orange, see
eq. (57)) illustrating the thermo-majorisation condition for the two
qubit example. Since the orange curve (corresponding to the state
ωσz⊗σz+t1⊗σz for t < tc) lies below the blue curve (correspond-
ing to the maximally mixed state) the transition from the maximally
mixed state to ωσz⊗σz+t1⊗σz is possible using a thermal operation.
The green curve (identity function) corresonds to the thermal state
ωσz⊗σz .
have
E′ :=
∑
i
p↑i λ
↓
i =
∑
i
p↑i (S
i(λ↓)− Si−1(λ↓))
= p↑nS
n(λ↓)−
n−1∑
i
Si(λ↓)(p↑i+1 − p↑i )
≤ p↑nSn(λ↓)−
n−1∑
i
Si(d↓)(p↑i+1 − p↑i ). (45)
But Sn(λ↓) = tr(H) = Sn(d↓) and rearranging the sum back
yields
E′ ≤
∑
i
p↑i d
↓
i = E. (46)
Hence, by rotating the Hamiltonian into the eigenbasis of ρ
we cannot increase the energy if we keep the ordering of the
eigenvalues correct.
C. Two-qubit example
In this section we provide a detailed analysis of the exam-
ple proving Thm. 5. More precisely, we find an initial config-
uration (ρ0, H0) of two qubits such that there exists a gap in
work-extraction between protocols using thermalizing maps
inMTC and protocols usingMGP. At the heart of the argu-
ment will be majorisation theory in linear algebra [31] and its
generalisation called d-majorisation or thermo-majorisation
[12, 16, 30]. Consider two qubits with initial configuration
(ρ0, H0) = (Ω, σz ⊗ σz), (47)
a maximally mixed state Ω = 1/4 on two qubits and a purely
interacting Hamiltonian. As shown in Thm. 3, no work can
be extracted if H = Hloc and the thermalizing maps are in
MTC. We now present a protocol P∗ which extracts a pos-
itive amount of work from (Ω, σz ⊗ σz), if H = Hloc and
thermalizing maps are inMGP. The first step in the protocol
is to apply a GP-map G0 to the initial state Ω to map it to some
state σ0. The state σ0 is chosen such that (σ0, H0) allows one
to extract the difference of free energy ∆F (σ0, H0) as work
just by using P∗TC, the optimal protocol employing only ther-
malizing maps inMTC. This protocol can be implemented on
(σ0, H0) because σ0 is chosen so that it is the Gibbs state of
an accessible Hamiltonian, that is,
σ0 = ωH˜ with H˜ ∈ Hloc(σz ⊗ σz). (48)
In the following, we first introduce a state σ0 fulfilling (48),
and then show that there exists a GP-map such that
G0(Ω) = σ0. (49)
Consider the Gibbs state ωσz⊗σz+t1⊗σz . It is diagonal in the
same basis as ωσz⊗σz and has the ordered spectrum (from low
energy to high energy)
ω2 =
1
2(1 + e2)
(e2f+(t)), e2f−(t)), f+(t), f−(t)), (50)
with f±(t) = 1 ± tanh(t), while ωσz⊗σz has the ordered
spectrum
ω1 =
1
2(1 + e2)
(e2, e2, 1, 1). (51)
Since all states and Hamiltonians are diagonal in the same ba-
sis, we can use the thermo-majorisation (or d-majorisation)
condition [12, 16, 30] to decide whether we can map Ω, with
spectrum p = (1, 1, 1, 1)/4, to ωσz⊗σz+t1⊗σz by a Gibbs-
preserving operation. To evaluate thermo-majorisation we
have to order the vectors with entries ri = (ω2)i/(ω1)i and
r′i = pi/(ω1)i in non-increasing order. Let σ, σ
′ be the per-
mutations that do this, i.e.,
rσ(1) ≥ · · · ≥ rσ(4) (52)
and similarly for p and σ′. The vectors r, r′ are given by
r = (1 + tanh(t), 1− tanh(t), 1 + tanh(t), 1− tanh(t)),
(53)
r′ =
1 + e2
2
(e−2, e−2, 1, 1). (54)
Thus, our permutations are given by (for example)
σ =
(
1 2 3 4
3 1 4 2
)
, σ′ =
(
1 2 3 4
3 4 1 2
)
. (55)
In particular note that σ 6= σ′. Thermo-majorisation implies
that 1/4 can be mapped to ωσz⊗σz+t1⊗σz iff the curve g of
straight lines connecting the points with coordinates k∑
j=1
(ω1)σ′(j),
k∑
j=1
pσ′(j)
 , k = 1, . . . , 4, (56)
9lies above the curve of straight lines f connecting the points
with coordinates k∑
j=1
(ω1)σ(j),
k∑
j=1
(ω2)σ(j)
 , k = 1, . . . , 4. (57)
It follows quickly that the condition holds for the first points.
For the second point, a calculation shows that
g(1/2) =
1
2
(
1 +
e2 − 1
2e2
)
(58)
while
f(1/2) =
1
2
(1 + tanh(t)). (59)
Thus, from the second points we get the condition
t ≤ tc := tanh−1
(
e2 − 1
2e2
)
' 0.46. (60)
It turns out that there are no further constraints (see Fig. 2).
Hence, if we choose
σ0 = ωσz⊗σz+t1⊗σz (61)
for any t ≤ tc it fulfills (48) by definition and also there exists
a corresponding map G0 ∈ MTO(H0) ⊂ MGP(H0) sending
Ω to σ0. What is left is to compute the free energy-difference,
which equals the total extracted work by subsequently apply-
ing P∗TC to (σ0, H0). This is easily done and yields
〈W 〉TC (P∗, (Ω, σz ⊗ σz)) = 〈W 〉 (P∗TC, (σ0, σz ⊗ σz))
= ∆F (σ0, σz ⊗ σz)
= t tanh(t)− log(cosh(t)),
(62)
which is positive for t 6= 0 and bounded by from above by
∆F (Ω, σz ⊗ σz) = log(cosh(1)) (63)
for |t| ≤ tc.
VIII. CONCLUSION
In this work, we have established a versatile framework
of thermodynamic operations under lack of experimental
control. We have seen that one of the key surprising results of
quantum thermodynamics, namely that weak thermal contact
already allows to extract all the work that could possibly be
extracted, ceases to be valid under such simple and natural
constraints. This shows that operational restrictions cannot
be considered independently, because they can interact in
a non-trivial way. Our results point into the direction that
quantum thermodynamics is significantly more complex
whenever such ubiquitous constraints are present and hope
that this work initiates further research in this direction.
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